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Let C(x) denote the field of rational functions in the indeterminate x, and define 
Zf= C(x)\{O, 1). The following question arises in connection with an analysis of the 
algebra of polyhedra in hyperbolic 3-dimensional space (cf. DuPont [l], DuPont 
and Sah [2]): 
Let M be a subset of H satisfying 
(i’) all fractional linear functions are in M, 
(ii) if f EM, then 1 -f and l/feM; 
(iii’) if f,, f2 E A4 and two of the following three elements of H are in M, then so is 
the third one. The three elements are: 
fl/fi, (1 -flMl -f2), flu -fiVftU -fib 
Question: is M= H? 
In the present note we prove the following slightly stronger result. Incidentally, 
the field 43 may be replaced by any algebraically closed field. 
Theorem. Let M be a subset of H= C(x)\ (0, I} satisfying 
(i) all linear functions are in M; 
(ii) iffeM, then l-f and I/feM; 
(iii) iffi.f2,A/f2. (1 -fN(l -fz)EM, then f,(l -fNfAl -fAEM. 
Then M= H. 
Proof. First note that there exists a smallest subset of H satisfying (i), (ii) and (iii). 
We may assume that M is this smallest subset. 
Denote the degree of a polynomial P=P(x) by deg(P), and define 
Hk = {f = P/Q E H 1 deg(P) I k, deg(Q) I k}. 
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We shall prove by induction that &CM. 
Start of the induction: k = 1. Elements in H, of the form I(x) = ax+ b or 
f(x) = 1 /I(x) are in M by (i) and (ii), so it suffices to consider 
f(x)=c(x-0)/(x-b) (C#o,a#b). (1) 
If c= 1. then 
and f EM by (i) and (ii). If c# 1 we choose f, and f2 of the form 
fl(x)=cI(~--), fz(x) = cz. 
Then if cl and c2 are chosen such that 
c,(b-a)= 1, -(l - c2)/c2 = c, 
(2) 
it follows from (iii) that f EM. 
The induction step: Assume that HkCM, where kr 1. Consider f E Hk+ I of the 
form f = P/Q. Since we may replace f by l/f, we may assume deg(P) s deg(Q), and 
since we may replace f by 1 -f, we may assume deg(P) = deg(Q) = k + 1. 
Since C is algebraically closed, f may be written 
~(~)=PI(~)(~-~)/[QI(x)(x-~)I, (3) 
where deg(PJ = deg(QJ = k. We may assume a # b and Q,(a) # 0, since otherwise 
f EiWk. Now choose fi and f2 of the form 
f1(~)=P,(WWW-d)l, f2(x) = c(x - b)/(x - d), (4) 
where c,d, and the polynomial R are to be determined (with c#O and 
deg(R) I k - 1). From the induction hypothesis and (iii) it follows that 
g=f1(1 -f2)/f2(1 -fl)EM* (5) 
so it remains to show that f, and f2 can be chosen so that g = f. It is easily seen that 
g=f is equivalent o 
c(x-0)(x-d)R(x)=[(x-d)-c(x-b)]Q,(x)+c(x-@P,(x). (6) 
Clearly, a necessary condition for this to hold is that d is a root of the right hand 
side. If c#O, this means that 
(d-b)Ql(d)=(d-W,(d), (7) 
i.e. 
f(d)= 1. (8) 
If equation (7) does not have a solution d E C, we replace f by F =f 0 0, where ~0 is 
the fractional linear transformation 
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(0(x)=-$ 
Then FE Hk + ,, and F(0) = 1. Replacing f by F above and in the sequel we see that 
FE M, and it follows from the Lemma below that f = F 0 ~0 EM. 
Let us therefore assume that (7) has a solution de a=. Note that d+ a since we have 
assumed (a - @Q,(a) # 0. Next, a must also be a root of the right hand side of (6), so 
we must have 
(a-d)-c(a-b)=O, (9) 
which determines c#O uniquely. When d and c are chosen in this way, both a and d 
are roots of the right hand side of (6), and consequently, this equation determines R 
uniquely as a polynomial of degree II?- 1. 
This completes the proof of the induction step, and hence of the theorem. 
Lemma. Let M denote the smallest subset of H satisfying (i), (ii) and (iii), and let v, 
denote a fractional linear transformation 
ax+b 
v(x) = - 
cx+d’ 
ad- bc#O. 
Then f 0 p EM for all f E M. 
Proof. Note that we shall prove this lemma using only the fact that H, CM, a fact 
which was established above without reference to the Lemma. 
Define 
Mop-‘={fo(~-‘IfeM), 
then MO cp-’ satisfies (ii) and (iii), and since HI CM also (i). 
By the minimality of M we have 
McMop-‘, 
and therefore 
MoqCM, 
which is the assertion of the lemma. 
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